A one-parametric stochastic dynamics of the interface in the quantized Laplacian growth with zero surface tension is introduced. The quantization procedure regularizes the growth by preventing the formation of cusps at the interface, and makes the interface dynamics chaotic. In a long time asymptotic, by coupling a conformal field theory to the stochastic growth process we construct a set of observables (the martingales), whose expectation values are constant in time. The martingales are connected to degenerate representations of the Virasoro algebra, and can be written in terms of conformal correlation functions. A direct link between Laplacian growth and the conformal Liouville field theory with the central charge c > 1 is proposed.
The two-dimensional growth phenomena pose great challenges in nonequilibrium statistical physics and mathematics. The growth processes observed in various physical, chemical or biological systems typically lead to the development of self-similar patterns with remarkable geometrical properties [1, 2] . Most of them fall naturally into universality classes depending on the mechanism driven the growth. However, a standard framework to study the growth process not only from the different classes, but also from the same class is still missing.
The relevant examples are the deterministic dynamics of the interface in a Hele-Shaw cell [2, 3] , and stochastic growth, such as diffusion-limited aggregation [1, 4] . Although these phenomena are both diffusion driven growth processes, the stochastic dynamics is mainly studied numerically, while the deterministic Hele-Shaw problem is known to possess a reach mathematical structure owing to integrability [5, 6] . A single framework unifying these processes must resolve the following obstacles: i) A naive limit of the vanishing particle size in diffusionlimited aggregation leads to the ill-defined Hele-Shaw dynamics, when the interface quickly develops cusps, and ii) There are no obvious ways to incorporate noise in the deterministic Hele-Shaw dynamics.
Remarkably, these obstacles can be resolved upon quantization of the Laplacian growth problem, which implies that the growing domain is an aggregate of tiny particles with the size (area quanta) [7] . The nonzero prevents the cusps production, and results into noise on microscale, i.e., jumpy motion of the grainy interface. The methods of statistical mechanics allows one to reduce microscopic degrees of freedom to a set of collective coordinates, while the remaining degrees of freedom transform into effective noise with a certain postulated distribution. By using the mean field approach, the collective coordinates for the regularized interface dynamics can be identified with a specific set of singularities of the uniformization map of the growing domain [8] . However, this approach generally fails to take account of quantum fluctuations of collective motion [9] .
In this paper, we propose a stochastic mean field method to study the interface dynamics in quantized Laplacian growth by adding noise to motion of collective coordinates. The backbone of the theory is an assumption that the quantum dynamical problem, that is the evolution of the quantized domain in the Laplacian growth process [7, 10] , can be replaced by a superposition of classical dynamics [9] .
We will adapt an approach based on Loewner-Kufarev equation [11, 12] , which is a powerful tool to tackle twodimensional growth problems. Let w(z, t) : C\D(t) → D be the time dependent conformal map from the exterior of D(t) to the complement of the unit disk D in the auxiliary w plane (see Fig. 1 ). The map is unique provided the following normalization conditions, w(∞, t) = ∞ and w (∞, t) = 1/r(t), so that the conformal radius r(t) is a positive function of time [13] . Then, the growth process can be represented as a Loewner chain, i.e., a sequence of conformal maps satisfying the ordinary integrodifferential equation [11, 12] ,
where the density ρ(w, t) specifies the evolution of the domain. The best known case is a local growth, when the density is a sum of Dirac peaks, moving in time and generating the growth process [11] . The case, when the dynamics of peaks is driven by Brownian motion, leads to the famous Schramm-Loewner evolution [14] . The deterministic Laplacian growth is a nonlocal process specified by the density ρ(w, t) = Q/|z (w, t)| 2 , where z = w −1 is the inverse to the uniformization map, and Q is the growth rate. The cutoff regularization of the problem slightly modifies the density, namely [8] ,
where ν = /dt is the rate quanta, and ξ k 's are the collective coordinates parameterizing fluctuations at the interface z(e iφ , t) at time t. Their dynamics differs widely from the time evolution of the other singularities of the conformal map [15] . In the mean field approximation, ξ k 's form a finite dimensional Calogero-Moser dynamical system [8] . Remarkably, the collective coordinates have a clear geometrical interpretation. Their trajectories in the physical plane ζ k (t) = z(1/ξ k (t), t) are the centerlines of dynamically generated fjords (see Fig. 1 ). Note, that only the tips of fjords outside the domain evolve with time, while the points ζ k (t ) for t > t are the constants of motion of Laplacian growth. Upon quantization Laplacian growth is similar to the semiclassical dynamics of an electronic droplet confined in the plane in an inhomogeneous magnetic field [7, 10] . To take account of quantum correlations we replace the actual quantum dynamics of the boundary by a superposition of classical dynamics, modeled by the Langevin evolution of the collective coordinates [16] ,
Here dB k (t) are random processes with the mean zero and covariance cov[dB k (t)dB l (0)] = (κ/2)δ kl dq k (t). The functions q k (t) parametrize the motion of poles, and the constant σ = Q/ν adds a drift toward the origin. Below, the function Z = k Ψ(ξ k ,ξ k ) D will be identified with the correlation function of primary fields Ψ's of the conformal Liouville field theory with the central charge c = 1+3(κ+4) 2 /(2κ). More precisely, the fields Ψ's with the negative conformal dimensions h(κ) = −(3κ + 8)/16 form degenerate representations of the Virasoro algebra with vanishing descendants at the second level.
The ansatz (3) will be justified in the long time asymptotic only, when all q k (t) are equal. By coupling a conformal field theory to the stochastic process (1) we will construct a set of observables-correlation functions of primary fields. Then, the martingale condition [17] imposed on the observables will specify uniquely the drift term in eq. (3), and the distribution function of noise [18] .
Let us consider a conformal field theory outside D(t). It is characterized by a complete set of scaling operators (primary fields) Φ h (z,z) constituting representations of the Virasoro algebra [19] . The conformal dimensions h specify the transformation of the correlation functions of primary fields under conformal maps [20] , e.g.,
(4) In the case of the Schramm-Loewner evolution, the correlation function are closely related to the statistical martingales of the growth process [21] . The similar approach can be applied for stochastic Laplacian growth (1)-(3), provided considerably strict constraints. Namely, let us consider the normalized correlation functions of the pri- 
mary fields Φ h k , and the degenerate fields Ψ,
where k = 1, . . . , M . The positions of the fields are specified by the endpoints, z k ≡ ζ k (0) and ζ k ≡ ζ k (t), of dynamically generated fjord centerlines-the imaginary lines that are equidistant from the fjord edges (see Fig. 1 ).
The stochastic evolution of the domain D(t) yields the Langevin dynamics of the correlation functions, which can be studied by mapping (5) to the w plane,
where u k = w(ζ k , t) and w k = w(z k , t). Let w → w+ (w) be an infinitesimal conformal transformation generated by the Loewner chain, i.e., (w) = wp(w)dt, where p(w) denotes the integral over the angle in eq. (1). Since Re p(e iφ ) < 0 this transformation does not preserve the geometry. Taking account of (w)/w =w (1/w) when |w| = 1, and p(1/w) = −p(w), one determines the corresponding transformation of the interior of the disk, namely,¯ (w) = − (w). Then, the Itô derivative of (6) leads to Langevin dynamics of the correlation functions. To begin with, we consider a variation of the primary fields, dΦ h = |w (z, t)| 2h (h −h + ∂ w − ∂w)Φ h . Below, only the key points of the computation will be mentioned, while the technical details will be presented elsewhere.
First, when w is located in the immediate vicinity of the unit circle, the difference wp (w) − wp (w) reduces to the contour integral around w ≈ e iθ ,
Since ρ(v, t) depends on the conformal map, the critical points of z (w, t) contribute to the integral. To be spe-cific, let us consider the following ansatz solving LoewnerKufarev equation (1) with the density (2),
where z(w, t) is the inverse to w(z, t), and the constants α k satisfy k α k = 0. This ansatz describes the evolution of the domain with dynamically generated fjords with parallel walls and centerlines bounded by the points z k = z(1/ā k , t) = const and ζ k (t) = z(1/ξ k , t). When any of ξ k 's reach the origin (3), the corresponding terms log[e iφ /a k (t) − 1] reproduce the standard logarithmic solutions of Laplacian growth [22] . Now, we shall discuss the reason for specific locations of the fields Φ h 's at the bottoms of the fjords. Note, that the images w k = w(z k , t) of the fjord's tips z k lie almost on the unit circle, log(|w k | − 1) = −r(t)/|α k |, when r(t) is large [22] . The inverse of w k with respect to the circle is a pole a k of z (w, t). In the long time asymptotic, when r(t) → ∞, the critical and singular points (b j and a j , correspondingly) of z (w, t) are separated in pairs, so that |a j − b j | ∝ 1/r(t). Then, the contribution of the factor |z (w, t)| −2 to the integral
, is suppressed when compared to the contribution of the poles at w = ξ k (t) of the density (2). Thus,
where c.c. denotes the complex conjugated term. The prefactor is proportional to the interface velocity squared. Since log |z (w k , t)| ∝ r(t)/|α k | at the bottom of the fjord, the interface develops "stagnation points", that stay almost fixed during the evolution.
The second key point in the computation of dF are the boundary conditions for the fields. The holomorphic and anti-holomorphic sectors of the conformal field theory are not independent of each other in presence of boundaries, so that the only algebra of conformal transformation acts in the space of fields. The following Neumann boundary conditions will be imposed on the fields Φ h (w k ,w k ) = Φ h (e iθ k ) located exponentially close to the circle,
where ∂ n = w∂ w +w∂w. Note, that in the cylindrical coordinates, w = exp(ix − y), eq. (10) takes a more conventional form ∂ y Φ h (x, y)| y=0 = 0. The formulas (7), (9) and (10), together with the equality Re(dw/wdt) = −ρ(w) for w = exp(iθ), determine contributions of the bottoms of fjords, represented by the factors Φ w h (z,z) ≡ |w (z, t)| 2h Φ h (w,w), to the variation of the correlation function (6) generated by stochastic Laplacian growth in the long time asymptotic,
where i∂ θ =w∂w − w∂ w . Further, let us consider a contribution of the fields Ψ(ξ k ,ξ k ) located at the moving endpoints ζ k = z(1/ξ k , t) of the fjord centerlines. The Jacobians coming from the transformations of the fields have canceled in the numerator and denominator of (6). Taking account of¯ (w) = − (w) one determines the Itô derivative of Ψ(ξ,ξ) when ξ moves stochastically (3),
The last key point is a possibility to neglect a difference in the interface velocities near stagnation points, so that all |w (z k , t)| are equal up to exponentially small corrections in r(t). Then, the Itô derivative of (6) yields the Langevin dynamics of F D(t) ({ζ, z}), namely,
Here we identified dq k (t) = ν|w (z k , t)| 2 dt, and introduced the operators L
, and (15) where x l ∈ {ξ, w}, and the identification 2w∂ w → −i∂ θ when w k ≈ exp(iθ k ) is assumed. The function Z in eq. (3) stands for the conformal correlation function,
Besides, to obtain (13) we made use of the global conformal invariance of the correlation functions.
A special type of random processes, the so-called martingales, often appear in stochastic analysis [23] . Roughly speaking, these are the processes whose expectation values are constant in time. Thus, the martingales necessarily satisfy stochastic differential equations without drift terms. When statistical mechanics is coupled with a stochastic process, the martingales become essential ingredients for estimating probability of events, representing the conditioned correlation functions of the statistical system. In the case of the Schramm-Loewner evolution the martingales form a representation of the Virasoro algebra [21, 24] . This observation allows one to study geometrical properties of critical curves in a variety of statistical systems (see Refs. [25, 26] for a review).
The main result of this paper is a construction of martingales for stochastic Laplacian growth (1)-(3) in the long time asymptotic. The martingale condition for the Langevin dynamics (13) requires a vanishing of the drift
. This is a standard differential equation for the conformal correlation functions, provided that Ψ k 's are degenerate fields with a vanishing descendants at the second level [19] .
Note, that the differential operators enter in (14) with positive coefficients. The reason is that the poles ξ k 's attract each other in the tangential direction (3), contrary to the case of the Schramm-Loewner evolution, where the poles are repealed [18] . Therefore, the null-vector equation, k D (ξ k ) F D (ξ, w) = 0, implies the following connection of the noise strength κ to the central charge of the Virasoro algebra, and the conformal dimensions h(κ) of the degenerate fields,
The algebra with c > 1 can be realized by the conformal Liouville theory, whose appearance could be anticipated. Indeed, Laplacian growth has been suspected to be deeply connected to the discrete two-dimensional quantum gravity [6] , whose continuum limit is expected to reproduce the Liouville theory (see also Ref. [27] ).
In conclusion, a direct link between martingales and correlation functions in the conformal Liouville theory with c > 1 has been proposed. This opens a route to a probabilistic treatment of Laplacian growth. For instance, the correlation functions (5) determines the probabilities to observe clusters with a specified subset of fjords, which start at z k 's and pass through ζ k 's in the long time asymptotic. Similar to the case of the Schramm-Lowener evolution, the proposed stochastic Laplacian growth promises to elucidate geometrical properties of observed patterns in terms of the only parameter κ. A natural extension of this work is to study a scaling of the harmonic measure at bottoms of the fjords. It would be the first step toward the multifarctal analysis of growing clusters, which is known to be a stubborn barrier to our understanding of Laplacian growth and diffusion-limited aggregation.
Although our analysis provides a promising angle for understanding nonequilibrium growth phenomena related to stochastic Loewner chains, it is still in its infancy. While the ansatz (3) has been justified by methods of statistical mechanics, its interpretation from the probability theory point of view is lacking. Remarkably, however, that the dynamics of the fjord's centerlines bears resemblance to the time-reversed Schramm-Loewner evolution of critical curves. Another important problem is to study stochastic growth with the finite conformal radius, which serves as a perturbation parameter (or a scale). Then, the approach proposed in Refs. [28, 29] promises to clarify the perturbation theory for stochastic Laplacian growth.
